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Abstract The object of study is the geodesic structure of a z = 2 Lifshitz black
hole in 3+1 space-time dimensions, which is an exact solution to the Einstein–
scalar–Maxwell theory. The motion of massless and massive particles in this back-
ground is researched using the standard Lagrangian procedure. Analytical expres-
sions are obtained for radial and angular motions of the test particles, where the
polar trajectories are given in terms of the ℘–Weierstraß elliptic function. It will be
demonstrated that an external observer can see that photons with radial motion
arrive at spatial infinity in a finite coordinate time. For particles with non-vanished
angular momentum, the motion is studied on the invariant plane φ = π/2 and,
it is shown that bounded orbits are not allowed for this space-time on this plane.
These results are consistent with other recent studies on Lifshitz black holes.
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1 Introduction
Motivated by generalizations to other areas of physics of the AdS/CFT correspon-
dence (Maldacena 1998) , i.e., the duality between the geometry of a d-dimensional
anti-de Sitter (AdS) space and a d− 1-dimensional conformal field theory (CFT),
Lifshitz space-times have received considerable attention of late. They represent
gravity duals of non-relativistic systems that appear in condensed matter physics
(Kachru et al. 2008; Hartnoll et al. 2010) with an anisotropic scaling symmetry
t → λzt, x → λx, where z is the dynamical exponent accounting for the dif-
ferent scale transformation between the temporal and spatial coordinates. These
space-times are described in 3+1 dimensions by the metrics
ds2 = ℓ2
(
−r2zdt2 + dr
2
r2
+ r2dx2
)
, (1)
where x represents a two-dimensional vector and the radial coordinate r scales
according to r → r/λ. It is worth mentioning that for z = 1 the above metric
reduces to the usual four-dimensional AdS metric. Black holes with asymptotic
behavior given by these anisotropic scale invariant space-times represent grav-
ity duals of condensed matter systems at finite temperature. Asymptotically Lif-
shitz black hole solutions have been reported in Balasubramanian and McGreevy
(2009), Ayon-Beato et al. (2009), Mann (2009) and Dehgani and Mann (2010).
Some thermodynamic aspects of these black holes have also been studied in Devecioglu and Sarioglu
(2011), Myung and Moon (2012), and Myung (2012).
This paper focuses on the geodesic structure of a 3+1 dimensional black hole
presented by Taylor (2008), the asymptotic behavior of which is given by Eq.(1)
with dynamical exponent z = 2, which emerges as an exact solution of the
Einstein-scalar-Maxwell theory (Taylor 2008), (Pang 2010). Geodesic studies of
the z = 2 topological Lifshitz black hole in 3+1 dimensions and of the z = 3
Lifshitz black hole in 2+1 dimensions, which has been found to be a solution to
the New Massive Gravity theory, have been reported recently in Olivares et al.
(2013) and Cruz et al. (2013), respectively. In this investigation the motion of
massless and massive particles is studied in a similar black hole background using
the standard Lagrangian procedure (Olivares et al. 2013; Cruz et al. 2013, 2005;
Villanueva and Olivares 2013; Olivares and Villanueva 2013). The effective poten-
tial analysis provides the means to describe the motion of particles along null and
time-like geodesics. The exact solutions of the geodesic equations are presented.
The analytical expressions for the radial geodesics are given as expressions of the
proper and coordinate times. Moreover, the equations for the angular motion of
the test particle are provided through the ℘–Weierstraß function.
The paper is organized as follows: In section II the geodesic equations are ob-
tained for (massless and massive) particles in the space-time found in the 3+1
dimensional space-time found in Taylor (2008) and Pang (2010). Then their radial
and angular motions are examined. Finally, in section III the results and conclu-
sions are discussed.
Motion of particles on a z = 2 Lifshitz black hole background in 3+1 dimensions 3
2 Geodesic structure
Let us consider the action of the Einstein-scalar-Maxwell theory, which is given
by (Taylor 2008; Pang 2010)
IEsM = 1
16πG
∫
d4x
√−g
(
R− 2Λ− 1
2
∂µϕ∂
µϕ− 1
4
eλ˜ϕFµνF
µν
)
, (2)
where Λ is the cosmological constant, ϕ is a massless scalar field, and Fµν cor-
responds to the Maxwell field. An analytical z = 2 asymptotically Lifshitz black
hole solution to this theory with a flat transverse section is given by the metric
(Amado and Faedo 2011; Brynjolfsson et al. 2010)
ds2 = ℓ2

−r4(1− r4+
r4
)
dt2 +
dr2
r2
(
1− r
4
+
r4
) + r2 (dθ2 + θ2dφ2)

 , (3)
where the curvature radius of the Lifshitz black hole, ℓ, is related to the cosmo-
logical constant Λ = −6/ℓ2. The event horizon is located at
r+ =
(
8π GM
ℓ2V2
)1/4
, (4)
whereM is the mass of the corresponding black hole determined by the Euclidean
action approach, and V2 is the volume of two-dimensional spatial directions. While,
the scalar and Maxwell fields are given by the expressions
eλ˜ϕ =
1
r4
(λ˜2 = 4), Ftr = 2
√
2ℓ r3. (5)
Myung and Moon (2012) determined the thermodynamical properties of this Lif-
shitz black hole and presented a stability analysis considering the scalar field per-
turbation of this black hole. In particular, it was found that the temperature TH ,
the Bekenstein–Hawking entropy SBH , the heat capacity C, and the Helmholtz
free energy F are given by
TH =
r2+
π
, SBH =
ℓ2V2
4G
r2+, C =
2ℓ2V2r
2
+
8G
, F = −2ℓ
2V2r
4
+
16πG
. (6)
The curvature scalar, the principal quadratic invariant of the Ricci tensor and
the Kretschmann scalar of this space-time are given by the following expressions
R =
22
ℓ2
+
2r4+
ℓ2r4
, (7)
RµνR
µν =
4
(
33r8 + r8+ + 6r
4
+r
4
)
ℓ4r8
, (8)
RµνρσR
µνρσ =
4
(
3ℓ2r8+ + 2r
2 + 6ℓ2r4+r
4 + 23ℓ2r8
)
ℓ6r8
. (9)
These curvature invariants are regular on the event horizon, r+, and therefore this
surface only expresses a singularity of the coordinates used to define the metric
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(3). However, all these scalars diverge in r = 0, and thus this point corresponds to
a curvature singularity.
In order to study the motion of test particles in the background (3), the stan-
dard Lagrangian approach is used (Cruz et al. (2005); Villanueva and Olivares
(2013); Olivares and Villanueva (2013)). The corresponding Lagrangian is
2L = ℓ2
(
− (r4 − r4+) t˙2 + r2r˙2(
r4 − r4+
) + r2 (θ˙2 + θ2φ˙2)
)
= −mℓ2. (10)
Here, the dot refers to a derivative with respect to an affine parameter, τ , along
the trajectory, and, by normalization, m = 0 (1) for massless (massive) parti-
cles. Since (t, φ) are cyclic coordinates, their corresponding conjugate momenta
(Πt, Πφ) satisfy the following relations:
d
dτ
∂L
∂t˙
=
dΠt
dτ
=
d[−ℓ2 (r4 − r4+) t˙ ]
dτ
= 0, (11)
d
dτ
∂L
∂φ˙
=
dΠφ
dτ
=
d[ℓ2r2θ2φ˙]
dτ
= 0. (12)
Furthermore, the equation of motion associated with the θ coordinate becomes
d
dτ
∂L
∂θ˙
=
dΠθ
dτ
=
d (ℓ2 r2 θ˙)
dτ
= ℓ2 r2 θ φ˙2. (13)
Conversely, the flat metric (3) admits the following Killing vectors field:
– the time-like Killing vector ξ = ∂t is related to the stationarity of the metric.
The conserved quantity is given by
gαβ ξ
α uβ = −ℓ2 (r4 − r4+) t˙ = −ℓ2
√
E, (14)
where E is a constant of motion that cannot be associated with the total energy
of the test particles because this space-time is asymptotically Lifshitz, and not
flat.
– the space-like Killing vectors χ0 = ∂φ, χ1 = θ
−1 sinφ ∂φ − cosφ ∂θ, and χ2 =
θ−1 cosφ ∂φ + sinφ∂θ, which are related to the axial symmetry of the metric.
The conserved quantities are given by
gαβ χ
α
0 u
β = ℓ2 r2 θ2 φ˙ = C0, (15)
gαβ χ
α
1 u
β = ℓ2 r2 (sinφ θ˙ + θ cosφ φ˙) = C1, (16)
gαβ χ
α
2 u
β = ℓ2 r2 (− cosφ θ˙ + θ sinφ φ˙) = C2, (17)
where C0, C1 and C2 are constants associated with the angular momentum of
the particles.
This last point implies that the motion can be restricted on an invariant plane,
i.e., φ˙ = 0 → φ = const. , which, for simplicity we set at φ = π/2. Therefore,
C0 = C2 = 0, so Eqs. (14) and (13, 16) lead to the following expressions
t˙ =
√
E(
r4 − r4+
) , θ˙ = L
r2
, (18)
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where L = C1/ℓ
2, which denotes the angular momentum about an axis normal to
the invariant plane.
These relations together with Eq. (10) make it possible to obtain the following
differential equations:
(
dr
dτ
)2
=
1
r2
(E − Veff (r)) , (19)(
dr
dt
)2
=
(r4 − r4+)2
r2
(
E − Veff (r)
E
)
, (20)
(
dr
dθ
)2
=
r2
L2
(E − Veff (r)) , (21)
where the effective potential, Veff (r), reads
Veff (r) =
(
r4 − r4+
)(
m+
L2
r2
)
. (22)
In the following sections, based on this effective potential, the geodesic structure
of the space-time characterized by the metric (3) is analyzed.
2.1 Null geodesics
In order to study the motion of massless particles, let us consider the effective
potential (22) with m = 0, so it can be expressed by
Vn (r) = L
2
(
r4 − r4+
r2
)
. (23)
A typical graph of this effective potential is shown in Fig. 1, for the arbitrary value
of L 6= 0. From this plot it is easy to see that photons cannot escape to spatial
infinity, but that the confined orbits are also forbidden in this space-time.
2.1.1 Radial motion
The radial motion for photons is characterized by the vanishing angular momen-
tum, L = 0. Thus, the effective potential (23) is Vnr = 0, and therefore only
photons with radial motion can escape to spatial infinity. Thus, the radial Eq.
(19) reduces to
r˙2 =
E
r2
, (24)
so, an elemental integration leads to
τ (r) = ± R
2
0
2
√
E
[(
r
R0
)2
− 1
]
, (25)
where R0 denotes the radial distance of the massless particle when τ = 0. This
result is in accordance with previous works dealing with other Lifshitz space-times:
Cruz et al. (2013); Villanueva and Va´squez (2013); Maeda and Giribet (2013).
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(r
)
n
RLr+
Fig. 1 Effective potential for massless particles. The plot shows that photons with L 6= 0
cannot escape to the spatial infinity. The value of the constant of motion E determines the
position of the turning point RL.
Now, integrating Eq. (20) an explicit expression for the coordinate time is
easily obtained:
t (r) = ± 1
4r2+
ln
((
r2 − r2+
) (
R20 + r
2
+
)(
r2 + r2+
) (
R20 − r2+
)
)
. (26)
In the asymptotic region, r →∞, we obtain the limit
t1 = lim
r→∞
t (r) =
1
4r2+
ln
(
R20 + r
2
+
R20 − r2+
)
. (27)
This fact has been reported in other Lifshitz black holes (Olivares et al. 2013;
Cruz et al. 2013), and seems to express a behavior characteristic of this kind of
space-time (Villanueva and Va´squez (2013)). Fig. 2 shows this situation graphi-
cally.
2.1.2 Angular motion
Massless particles with non-vanished angular momentum, (L 6= 0), comply with
the effective potential given by
Vna (r) = L
2
(
r4 − r4+
r2
)
; (28)
thus, the turning point is located at
RL =
√
E
2L2
+
√
E2
4L4
+ r4+. (29)
Now, using Eq. (21), the quadrature is obtained
θ (r) = −
∫ r
RL
1√
(RL − r) (r +RL) (r + iρ) (r − iρ)
dr, (30)
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Fig. 2 Plot of the radial motion of massless particles. Particles moving to event horizon, r+,
cross in a finite proper time, but an external observer will see that photons take an infinite
(coordinate) time to do it. Here the values r+ = 2, R0 = 5, and E = 104 have been employed
(in geometrized units).
where the roots of the fourth-degree polynomial inside the radical is given by
ρ =
√
− E
2L2
+
√
E2
4L4
+ r4+. (31)
In order to integrate Eq. (30), u = RL − r is set, and after a brief manipulation,
we obtain the polar trajectory of massless particles,
r (θ) = RL − 1
4℘ (
√
u1u2u3 θ; g2, g3) +
α
3
, (32)
where ℘ ≡ ℘(y; g2, g3) is the ℘-Weierstraß function, and g2 and g3 are the so-called
Weierstraß invariants given by
g2 =
1
4
(
α2
3
− β
)
, g3 =
1
16
(
γ +
2
27
α3 − αβ
3
)
. (33)
The other constants are
α =
1
u1
+
1
u2
+
1
u3
, β =
1
u1u2
+
1
u1u3
+
1
u2u3
, γ =
1
u1u2u3
. (34)
with,
u1 = 2RL, u2 = RL + iρ, u3 = RL − iρ. (35)
2.2 Time-Like Geodesics
In this section the motion of massive particles,m = 1, is computed, so the effective
potential is given by
Vt (r) =
(
r4 − r4+
)(
1 +
L2
r2
)
. (36)
This is illustrated in Fig. 4 for radial (L = 0) and non-radial (L 6= 0) particles.
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r+ RL
Fig. 3 Plot of the angular motion of massless particles. The solid line represents the regular
orbit performed by the photons, while the dashed line is the analytic continuation of that
orbit. Here, the initial condition θ = 0 when r = RL, together with the values L = 1, r+ = 2,
RL = 8 (in geometrized units), has been employed.
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L=0L>0
r0
Fig. 4 Plot of the effective potential of massive particles. This graph shows that, independently
of the angular momentum, particles cannot escape to spatial infinity. Here the values r+ = 2,
L = 0 for radial motion, and L = 4 for polar motion (in geometrized units) were employed.
2.2.1 Radial motion
In this case the effective potential (36) becomes
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Vt (r) =
(
r4 − r4+
)
; (37)
thus, the turning point is located at
r0 =
(
E + r4+
)1/4
. (38)
Therefore, using Eq. (37) and Eq. (19), the proper time of the radial massive
particles in terms of the radial coordinate r can be obtained explicitly, which
results in
τ (r) =
1
2
arccos
(
r2
r20
)
. (39)
It is interesting to note that massive particles take a finite proper time, τ+ ≡ τ(r =
r+), to cross the event horizon, which depends on the initial distance, r0. Also,
the analytic continuation of the motion in the region r < r+ means that it takes
a finite proper time τ0 ≡ τ(r = 0) = π/4 to reach the singularity, which turns out
to be independent of the initial distance r0. This is a novel result because it does
not agree with those obtained in previous works (Olivares et al. 2013; Cruz et al.
2013), where the time to the singularity depends on the initial distance and the
parameters of space-time through the event horizon (see Fig. 5).
On the other hand, Eq. (37) into Eq. (20) yields the coordinate time directly
as a function of r,
t (r) =
1
4r2+
[
arccosh
(
r40 − r2+ r2
r20 (r
2 − r2+)
)
− arccosh
(
r40 + r
2
+ r
2
r20 (r
2 + r2+)
)]
. (40)
In Fig. 5 we plot the functional relations (39) and (40), which show us that the
physics is essentially the same as Einstein’s space-times (S, SdS, SAdS, etc.).
r+
r
T
E
M
P
O
R
A
L
 A
X
IS
r0
t
τ (r)
(r)
τ0
τ+
Fig. 5 Plot of the radial motion of massive particles. Particles moving to event horizon, r+,
cross into a finite proper time, but an external observer will see that particles take an infinite
(coordinate) time to do so. Here, r+ = 2, r0 = 5 and E = 609 (in geometrized units) have
been used.
10 Marco Olivares et al.
2.2.2 Angular motion
In the case of massive particles with non-vanished angular momentum, we have
that effective potential is given by
Vta (r) =
(
r4 − r4+
)(
1 +
L2
r2
)
; (41)
thus, we can write Eq. (21) as(
dr
dθ
)2
=
(r2L − r2)(r2 − r21)(r2 − r22)
L2
. (42)
Here rL is the turning point given by the relation
r2L = u0 − L
2
3
, (43)
and r1, r2 are two complex quantities (without physical meaning) given by
r2j = uj − L
2
3
, (j = 1, 2) (44)
with
un =
√
η2
3
cos
[
1
3
arccos
√
27 η23
η32
+
2nπ
3
]
, (n = 0, 1, 2) (45)
where the η’s are given by
η2 = 4
(
E + r4+ +
L4
3
)
(> 0) (46)
η3 = −4
(
2L6
27
+
L2
3
(E + r4+)− L2r4+
)
(< 0). (47)
Therefore, after a little algebraic manipulation in Eq. (42), the polar trajectory
of the massive particles in terms of the ℘-Weierstraß function is obtained, which
results in
r (θ) =
√
r2L −
1
4℘
(
2
L
√
y1 y2 y3 θ; g2, g3
)
+ α
3
, (48)
where the Weierstraß invariants are given by
g2 =
1
4
(
α2
3
− β
)
, g3 =
1
16
(
γ +
2
27
α3 − αβ
3
)
, (49)
with
α =
1
y1
+
1
y2
+
1
y3
, β =
1
y1 y2
+
1
y1 y3
+
1
y2 y3
, γ =
1
y1 y2 y3
. (50)
Also, we have that
y1 = r
2
L, y2 = r
2
L − r21, and y3 = r2L − r22. (51)
In Fig. 6 we plot the polar trajectory (48).
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r+ Lr
Fig. 6 Polar trajectory for massive particles. The solid line represents the regular orbit per-
formed by the test particles, while the dashed line is the analytic continuation of that orbit.
Here the initial condition θ = 0, when r = rL, together with the values L = 1, r+ = 2, rL = 8
and E = 4× 103 ( in geometrized units) has been employed.
3 Final Remarks
In this paper the geodesic structure of a Lifshitz black hole that is a solution
to the Einstein-scalar-Maxwell theory in 3+1 space-time dimensions with critical
exponent z = 2 was examined. Using the Lagrangian procedure radial and angular
motions of massless and massive test particles were studied. Analytical expressions
for the proper time and coordinate time as a function of the radial coordinate for
the strictly radial motion were obtained and the same analysis was provided for
the polar trajectories. In Fig. 2, the proper and coordinate time for radial photons
was depicted. The graphic shows that an external observer can see that it takes a
finite coordinate time, t1, for the photons to reach the asymptotic region, but an
infinite proper time to do it. This result is consistent with previous studies dealing
with Lifshitz space-times: a topological black hole of 3+1 dimensions with critical
exponent z = 2 (Olivares et al. 2013), in 2 + 1 dimensions and z = 3 (Cruz et al.
2013), generalized for D-dimensions, and with an arbitrary critical exponent z
(Villanueva and Va´squez 2013). It was also found that the massless and massive
particles (see Fig. 5) cross the event horizon, r+, in a finite proper time. However,
the external observer can see that it takes the photon an infinite time to reach the
horizon, which is analogous to the situation that occurs with the Einstein space-
times. Angular motions are described by the polar trajectories of the particles in
terms of the ℘-Weierstraß function, the results of which are depicted in Fig. 3 for
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photons and in Fig. 6 for massive particles. The behavior is analogous for both
types of particles, where the motion is studied on the invariant plane φ = π/2,
and it is observed that bounded orbits are not allowed for this space-time on
this plane. Similar behavior has recently been reported in the literature for other
asymptotically Lifshitz black holes (Olivares et al. 2013; Cruz et al. 2013).
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